Abstract. In the rst Section of this paper we obtain an asymptotic expansion near semi simple elements, of orbital integrals x (f) of C 1 c -functionsf on symmetric spaces G=H. Here G is a reductive p-adic group, and H is the group of xed points of an involution on G. This extends the germ expansion of Shalika Sh] and Vigneras V] in the group case.
]. In some other examples, concerning G = GL(3n) and H = GL(n) GL(2n) , and G = O(3; 2); H = O(2; 2), we explicitly construct invariant distributions on the nilpotent cone which are equal to their Fourier transform. Such examples do not exist in Harish-Chandra's group case.
In the last two Sections, following Harish-Chandra's simple proof in the group case HC2], we show that x (f) is locally constant on the regular set ofx, uniformly inf, in some cases. Following Kazhdan's proof of his density theorem K;Appendix], we show that anf which annihilates all spherical characters has x (f) = 0 on the regular elliptic set.
Introduction. Let G be a reductive group de ned over a non archimedean local eld F. As in SS] , St] , denotes an involution (automorphism of order two) of G over F. Let H = G + be the group of xed points of in G. Put G = G(F), H = G + = H(F) for the corresponding groups of F-points, and for the induced involution of G. Then G, H, arè -groups in the terminology of Bernstein-Zelevinski BZ] . To simplify this introduction the centers of the groups are ignored. For any`-space X one has the space C 1 c (X) of complex valued locally constant compactly supported functions on X, and the dual space C 1considerable interest currently in H H-invariant distributions on G. These occur as orbital integrals in the geometric side of Jacquet's \relative trace formula" (a more descriptive title is \bi-period summation formula" for the case at hand), and as spherical characters on the spectral side of this formula.
Denote the image of the map G=H ! G, g 7 !g = g (g) ?1 , byG. Given f 2 C 1 c (G), putf(g) = R H f(gh)dh. If H H acts (f 2 C 1 c (G)), and named the \spherical" orbital integral off at~ . Thus ~ is an element of C 1 c (G) H . In Section 1 we study the asymptotic behavior of the distributions ~ in the vicinity of a semi-simple (in G) elements inG, which is not necessarily regular.
Before describing this, note that our setting of symmetric spaces G=H, reduces to the classical \group" case of a reductive group G acting on itself by conjugation, when one takes G = H H and (x; y) = (y; x). The asymptotic behavior of the orbital integrals (f) = R G=Z G ( ) f(Int(g) )dg in the vicinity of a semi-simple element s of G has been studied by Shalika Sh] and Vigneras V]. Section 1 extends their work from the group case H H=H, to that of a general symmetric space G=H. This extension is needed both for the study of Jacquet's summation formula mentioned above, as well as for the study of the spherical characters.
A preliminary result in the study of these orbital integrals is geometric. Fix a semi-simple (in G) elements inG, and denote byGs the set ofx inG whose semi-simple part lies in Int(H)s. Then H acts onGs by conjugation, and by Richardson Ri] , the setGs is closed and consists of nitely many H-orbits. Proposition 1.1 shows that the dimension of the complex vector space C 1 c (Gs) H is nite, bounded by the number of H-orbits inGs. The contrast between the proof of this Proposition in the symmetric space and the group cases is interesting. In the group case, the centralizer Z G (x) of any x in G is unimodular (e.g., Springer-Steinberg SS] ), hence the orbital integral O(x) exists on C 1 c (O(x)) (by BZ]). By the theorem of Rao R] (and Bernstein Be] for GL(n) and elds of positive characteristic), it extends to the closure O(x) of the orbit O(x)=Int(G)x of x, and to G (by BZ] ). These results do not extend to the general symmetric space case, but of course one still has the \closed orbit lemma" (e.g. Borel Bo] ), and the nite dimensionality can be established; yet no natural basis exists.
Using the \closed orbit lemma" one can choose a basis f g for the space C 1 c (Gs) H , and functions ? (x) on the regular set ofx inG, called germs of orbital integrals, and the asymptotic expansion takes the following form.
For everyf in C 1 c (G) and semi-simples inG, there exists an H-invariant open and closed neighborhood Vf ofs inG such that for every regularx in Vf one has x (f) = P ? (x) (f).
Conversely, any H-invariant function on the regular set ofG which is compactly supported onG= Int (H) and has such asymptotic behavior, is an orbital integral of somef.
It is important to note that in the group case, Harish-Chandra HC1], Theorem 10, shows that x (f) is zero for all x in G if it vanishes for all regular elements x in G. The proof of this relies on HC1], Lemma 8, which uses the local integrability of characters of supercuspidal representations. This had been proven by Harish-Chandra HCD] . The analogues in the symmetric space case ? the spherical characters ? are rarely locally integrable, even for spherical supercuspidal representations. The proof of HC1], Theorem 10, does not extend to the spherical case, and indeed the vanishing of x (f) for all regularx inG does not imply in general that (f) is zero for all in C 1 c (G) H . Some examples and counter-examples have been studied in the case of rank one symmetric spaces by van Dijk D] in the real case, and Rader-Rallis RR] in the non archimedean case.
To describe the contents of the main part, Sections 2 ? 10, of this paper, let us recall the notion of a spherical character of an irreducible admissible G-module which is H-spherical. The adjective H-spherical means that the dual = Hom C ( ; C ) of contains a non zero H-invariant element L. Fix also an H-invariant L 0 6 = 0 in the dual of the contragredient~ of . Then for every f 2 C 1 c (G) the vector (f)L 0 lies in the smooth part of the dual of . The spherical character of is de ned to be L (f) =< L; (f)L 0 >. It is an H-invariant distribution onG. In the group case, where G = H H and (x; y) = (y; x), it coincides with the trace distribution.
Harish-Chandra HC1], Theorem 5, described the asymptotic expansion of the character , where tr (f) = R (g)f(g)dg, near any semi-simple element of the group. The description extends to the spherical situation, as shown by Hakim H] in the case where E=F is a quadratic eld extension, G = G(F) and H = G(F) ( is the Galois action), and Rader-Rallis RR] in the general case of G=H ( RR] considers the expansion only near the identity, but the description extends to any semi-simple element by the arguments of H] In the group case, Harish-Chandra HC1], Theorem 3, using HCD], has shown that the character of a G-module is a locally integrable function. In particular it is not identically zero on the regular set of G. The analogous local integrability statement holds when E=F is quadratic, G = G(F), H = G(F), by Hakim H] . Hence L is again not identically zero on the regular set ofG. However, for a general symmetric space G=H, the H-invariant distribution L is not locally integrable. Moreover, we show (in Sections 7 and 8) that there exist H-invariant distributions on the nilpotent set of g ? whose Fourier transform on g ? is also supported on the nilpotent set of g ? . This suggests that there might be admissible G-modules (perhaps only in the Grothendieck group), such that L is supported on the nilpotent cone of g ? .
In the case where the base eld F is the eld of real numbers, Sekiguchi S1] has given a condition which ? when satis ed ? implies that L is not identically zero on the regular set.
Further he listed several cases where his condition is satis ed. The techniques employed in the archimedean and non archimedean cases are very di erent, but the nal result are similar. Sections 2-10 of this paper are then concerned with showing in some cases that L is not identically zero on the regular set, and that in some cases there are self-dual (equal to their Fourier transform) distributions supported on the nilpotent cone. This we do in the p-adic case. Our examples are consistent with those of Sekiguchi S1] . Our examples concern the group G = GL(n + m; F), and the involution given by conjugation with J = diag(I n ; ?I m ); thus H = G + is isomorphic to GL(n; F) GL(m; F).
We show that when m = 1; n > 2 (see Section 4), or n = m = 1 (see Section 3), or n = m = 2 (see Sections 7-10), for any admissible irreducible H-spherical G-module , the distribution L is not identically zero on the regular set. However, in Section 5 we show that if n = 2m; m 1, then there are H-invariant distributions which are supported on the nilpotent set of g ? which are self dual. Section 6 constructs another example of such invariant distributions on the nilpotent cone which are equal to their Fourier transforms, on the pair G = O(3; 2), H = O(2; 2) of quasi-split orthogonal groups. We conjecture that the non vanishing result holds for all n = m 1. Our proof uses the asymptotic expansion result of H] and RR] stated above. We construct an explicit basis of invariant distributions on the relevant nilpotent cone on extending orbital integrals to the closure of the orbit by viewing them as principal values of regularized integrals, and taking linear combinations which are H-invariant. Then we compute their Fourier transforms, and compare their behavior. In the vanishing case, we construct explicit examples.
The study of the spherical characters is not an idle extension of Harish-Chandra's work to symmetric spaces. The initial motivation has been the paper of Jacquet-Lai JL] , which dealt with GL(2), a quadratic eld extension E=F, and a quaternion algebra which is split at each place where E splits over F. The relevant comparison of automorphic forms has applications to the study of Shimura surfaces. But the splitting assumption does not give rise to local symmetric spaces di erent from the group case.
In FH] the splitting assumption is removed, and the work is extended to GL(n) . It is observed that the ideas underlying the Deligne-Kazhdan simple trace formula can be used to carry out the work without elaborating too much on the asymptotic expansion of integrals and characters mentioned above. But in the recent work F2 0 ] (see F2] for a quadratic analogue), which concern the group G = GL(2n; F), and the involution which is given by conjugation with J = diag(I n ; ?I n ), thus H = G + is isomorphic to GL(n; F) GL(n; F), the property of non vanishing of the spherical character on the regular set came to play a prominent role. This motivates and underlies our interest in the questions considered here.
Section 11 here is an attempt to extend the techniques of Harish-Chandra's short and beautiful paper HC2] to the context of symmetric spaces. In some cases, including (G; H) = (G(E); G(F)), E=F a quadratic extension, we show that the orbital integral x (f) is locally constant on the -regular set, uniformly in f. Surely this should be provable in general by the techniques of HC1]. But the simplicity of the \submersion" principle of HC2] appealed to us. HC2] gives also a simple proof that characters are locally constant on the regular set. It will be interesting to extend this proof to the spherical case.
Section 12 concerns a spherical analogue of Kazhdan's density theorem K], who dealt with the group case. Very brie y, Harish-Chandra's density mentioned above, and Bernstein's localization principle ( BZ] , Be]), show that the vanishing of all regular orbital integrals implies the vanishing of all invariant distributions in the group case. Kazhdan K] shows in this case that the vanishing of all characters of irreducible admissible representations implies the vanishing of all regular orbital integrals, hence of all invariant distributions. Kazhdan's proof is global. Section 12 states and proves an analogue in the spherical situation. This essentially says that the vanishing of all spherical characters implies the vanishing of all spherical orbital integrals on the regular elliptic set. The passage from the elliptic to general elements is a trivial change of variables formula in the group case. But I do not know to carry it out in the spherical case. In the elliptic case, our proof is global, as is Kazhdan's, and requires developing a bi-period summation formula, as well as basic Galois cohomology. Bernstein F4] has given an entirely di erent, local proof of Kazhdan's density theorem, but this too would not extend to the spherical case, since (in particular) the singular orbital integrals are not determined by the regular ones. Sections 1; 11; 12 can be read independently of each other, and so can be Sections 3; 4; 5; 6; 7 ? 10 which depend on Section 2.
Much of the material here I learnt from J. Bernstein, D. Kazhdan, J.G.M. Mars, and especially S. Rallis, who suggested for example the case of Section 6. The paper was written up while I bene tted from the hospitality (and support) of J. Soto-Andrade at Santiago (and the NSF \Americas Program") and R. Weissauer at Mannheim (and a DAAD grant). I am grateful for their help and encouragement.
1. Asymptotic behaviour of orbital integrals. Let F be a non archimedean local eld, G a reductive group de ned over F, an involution (automorphism of order two) of G over F, G + = H = G the group of xed points of in G, Z the center of G, Z H = Z\H, and put G = G(F), H = H(F), Z = Z(F), etc., for the corresponding groups of F-points, and for the induced involution of G (then H = G 
Hence for a -regular~ , the distribution ~ on the closed subset O(~ ) ofG extends to a measure onG, which is supported ( BZ;(1.10)]) on O(~ ), hence it is H-invariant. Namely ~ extends to an element of C 1 c (G) H . Our aim is to study the asymptotic behaviour of the distributions ~ in the vicinity of a semi simple (in G) elements ofG, which is not necessarily -regular.
Example. Before describing this, we note that our setting ? of symmetric spaces G=H ?
reduces to the classical situation of a reductive group G acting on itself by conjugation, in the case where we take G = H H, (x; y) = (y; x). This case is referred to as the group case. Then G is H, embedded diagonally (x 7 ! (x; x)) in G. Moreover Proof. We proceed as follows. The \Closed Orbit Lemma" (see, e.g., Borel Bo] Conversely, this germ expansion characterizes the orbital integrals.
3. Theorem. Let (x) 
Proof. The assumption at the semi simples implies that forfs = P i s i fs i we have that (x) = x (fs) for all -regularx in Vs (since x (fs i ) = ?s i (x)). We may assume thatfs is supported on Vs. Since supp is compact inG= Int(H), and it is covered by Vs, union over all semi simples inG, there is a nite subcover, which we may assume to be disjoint since the Vs are open and closed. Putf = Pfs ( nite sum). Then (x) = x (f) for all -regularx inG, as required.
Remark. In the group case, if Example. In the group case, where G = H H and (x; y) = (y; x), it coincides with the trace distribution. Indeed, a G-module = 1 2 is H-spherical when Hom H ( 1 2 ; C ) is non empty. Then 2 =~ 1 , and an H-invariant form L : 1 ~ 1 ! C is given by
, where ranges over an orthonormal basis of (check L( 1 ^ 2 ) on basis elements). MoreoverL = P ^ , and for f(x; y) =
Here f 2 (x) = f 2 (x ?1 ), and (f 1 f 2 )(x) = R H=Z f 1 (xy ?1 )f 2 (y)dy is the convolution of f 1 and f 2 . Moreover,f(xy ?1 ; yx ?1 ) = R H f(xu; yu)du = (f 1 f 2 )(xy ?1 ). Harish-Chandra HC1], Theorem 5, describes the asymptotic expansion of the character , where tr (f) = R (g)f(g)dg, near any semi simple element s of the group. This description extends to the spherical situation, as shown by Hakim H] in the case where E=F is a quadratic eld extension, G = G(E) and H = H(F) ( is the galois action; see H], Theorem 2), and Rader-Rallis RR] in the general case of G=H ( RR] considers the expansion only near the identity, but the description extends to any semi simple element by the arguments of H], x2). Their combined result is as follows. The last assertion is proven in Harish-Chandra HC1], Theorem 3, in the group case (see also the simple proof in HC2]), in FH] in the special (quadratic) case considered in FH] , and in general in Rader-Rallis RR] . It will be interesting to extend the simple proof of HC2] to the general spherical case.
In the group case, Harish-Chandra HC1], Theorem 3, using HCD], has shown that the character of a G-module is a locally integrable function. In particular is not identically zero on the regular set of G. The analogous local integrability statement holds when E=F is quadratic, G = G(E); H = H(F), by Hakim H] , Theorem 1. Hence L is not identically zero on the -regular set of G.
However, for a general symmetric space G=H, the H-invariant distribution L is not locally integrable. Moreover, there are sometimes H-invariant distributions on the nilpotent set g ? nilp of g ? whose Fourier transform on g ? is also supported on the nilpotent subset of g ? . This suggests that there are { sometimes { admissible G-modules (perhaps only in the Grothendieck group), such that L is supported on the nilpotent cone g ? nilp .
In the general case where the base eld F is the eld R of real numbers, Sekiguchi S1] has given a condition which { when satis ed { implies that L is not identically zero on theregular set. Further, he listed several cases where his condition is satis ed. The techniques employed in the archimedean case are very di erent from those of the non archimedean case. But the nal results are often similar.
The purpose of this paper is to consider several examples, where we show that L is not identically zero on the -regular set, and some where there are self dual distributions supported on the nilpotent cone g ? nilp .
Our examples are consistent with the investigation of Sekiguchi S1] .
Our main example concerns the group G = GL(n + m; F), convolution given by The case where m = 1 is considered (from other points of view) in ( DP] and) F3]. The case where n = m is considered in F2 0 ]. There it is shown that the non vanishing assertion of Theorem 2 has applications to the theory of liftings of admissible and automorphic representations between GL(2n) and some of its inner forms. In fact, Theorem 2 is our attempt to settle the Working Hypothesis II of F2 0 ], in the case where n = m = 1 and n = m = 2. Our approach will be to explicitly construct a basis f g for C 1 c (g ? nilp ) H , and show that no^ ; 0 6 = 2 C 1 c (g ? nilp ) H , can vanish identically on the -regular set of g ? . Even in the case of n = m = 2 the computations are non trivial. They might be pursuable in the case of n = m = 3, but perhaps new (combinatorial) techniques need to be introduced to deal with the general case of n = m. In any case, the example of n = m = 2 is already interesting. Note that whens is semi simple, M = Z G (s) is a product of GL(n i ; E i ), and acts trivially on all of them, except perhaps on one of them. Hence induction can be applied, and we shall restrict our attention tos = 1 in G. Let Then (f) = 0 for all in C 1 c (g ? ) H . Proof. Let R be the ring of integers in F. Put f(x; y) for f(xU 2 + yU 3 ), and let f 0 be the characteristic function of R R in When n = 3,^ 1 (f) = 1 (f). But when n 4, the support of^ 1 is not concentrated in g ? nilp . The Fourier transform of 0 is^ 0 (f) = R f( 0 t X Y 0 )dXdY = f( 00 0 0 ). The distributions^ 0 and^ 1 have di erent degrees of homogeneity when n 4. Indeed, for t 2 F , put (tf)(X) = f(t ?1 X). Then 1 (tf) = jtj 2(n?1)?2(n?2)^ 1 (f) = jtj 2^ 1 (f);^ 0 (tf) = jtj 2(n?1)^ 0 (f): Consequently no element of the form^ ; 0 6 = 2 C 1 c (g ? nilp ) H , can be zero on the -regular set, since no linear combination of^ 1 and^ 0 can be concentrated on g ? nilp . This completes the proof of theorem 2.2 for m = 1.
The case of G = GL(3m); H = GL(2m) GL(m). Self dual invariant distributions
which are supported on the -singular set exist also in the higher rank situation, where G = GL(3m; F); (X) = JXJ; J = diag(I 2m ; ?I m ), so that H = GL(2m; F) GL(m; F).
This example generalizes the one from the previous section, where m = 1. It suggests that there are admissible H-spherical G-modules such that L is supported on the -singular set, in fact on the unipotent set inG. Yet may be reducible, and in any case we have not proven its existence. But the modular function on P is P (p) = jac ?1 j m . Hence the function f (g) = (gf) on G lies in the space of the induced representation ind H P ( P ). Frobenius reciprocity ( BZ] , (2.29)): Hom H (ind H P ( P ); 1) = Hom P ( ?1 P P ; 1), implies that there exists (a unique up to a scalar multiple)`6 = 0 in Hom H (ind H P ( P ); 1). It is given by`( ) = R K (k)dk. Put (f) =`( f ). Since hf (g) = (ghf) = f (gh) = h f (g); we have (hf) =`( hf ) = (h f ) =`( f ) = (f): Then is a non zero H-invariant measure supported on g ? nilp , which is equal to its Fourier transform, as seen above.
6. The case of G = O(n + 1; n); H = O(n; n); n = 2. Here we show the following. 1. Theorem. There exists a non zero H-invariant measure on g ? which is supported on the nilpotent cone g ? nilp , which is equal to its Fourier transform (which is then also supported on the nilpotent cone).
Proof. Put w = ( i;2n+1?i ) in GL(2n; F), J = diag(w; 1) in GL(2n + 1; F), and x the quasi-split orthogonal group G in 2n + 1 variables to be O(n + 1; n) = fg = J t g ?1 J 2 GL(2n + 1; F)g. The involution is taken to be conjugation by diag(I 2n ; ?1), thus (I; 0) )~, where I = (1; : : :; 1) is a row vector of length n.
Consider the linear form`( ) = R ( t (X n ; 0))dX n on ( 2)C 1 c (F 2n ), where X n = (x 1 ; : : :; x n ), and dX n = Q dx i (1 i n). The \Siegel" parabolic subgroup P H of H consists of p = mu; m = diag(a; w t a ?1 w); u = u(X) = I X 0 I ; X = ?w t Xw: Clearly`(p ) = R ( t (a ?1 X n ; 0))dX n = jdet aj`( ); and P H (m) = jdet aj n?1 . Hence (g) =`(g ) lies in ind H P H In this section we consider the invariant distribution associated with the H-orbit of U + (I), where U + (X) = 0 X 0 0 . This can and will be discussed in the generality of n = m 1, thus X is an n n matrix over F, and I = I n is the identity in GL(n; F). The H-invariant measure on the H-orbit Ad(H)U + (I) is the value at t = 0 of the following distribution. Put d(A) for diag(A; I), A in GL(n; F); recall that jAj denotes jdetAj.
Although this integral converges at t = 0 for f 2 C 1 c (Ad(H)U + (I)), it does not converge for a general f in C 1 c (g ? ). However the function Z(f + ; t) is the well known Zeta function on the algebra M(n n; F) of n n matrices. Its analytic properties of use for us are studied in Jacquet J] . In particular it has a simple pole at t = 0, and the H-invariant measure on Ad(H)U + (I) can be extended as a measure on the closure of this orbit as the principal value of Z + (f; t) = Z(f + ; t) at t = 0. Let us explicitly compute this principal value Z + 0 (f) = Z 0 (f + ). Let (= f + , denoted by in J]) be a C 1 c -function on M(n n; F). Then our Z( ; t) coincides with Z( ; s; f) of J] , (1.1.3), with = ; s = t, and f = 1, and of J] is taken to be the trivial representation 1 of GL(n; F 9. The 5-dimensional orbits. Consider the 5-dimensional H-orbits. There are two of these. Their analysis is similar to that of the 4 dimensional H-orbits of U + (I) and U ? (I). Namely each of the two orbital integrals can be extended as a principal value of a regularized integral from the orbit to all of g ? , but the extension is not H-invariant. On the other hand, the sum of the two extensions is H-invariant.
As usual, we put U 1 = 1 0 0 0 ; U 2 = 0 1 0 0 ; U 3 = 0 0 1 0 ; U 4 = 0 0 0 1 . A set of representatives for the two 5 dimensional H-orbits is given by X 5;1 = 0 U 4 U 2 0 (which is mapped to X 5;1 = 0 U 2 U 1 0 under the action of the re ection (12) in H), and X 5;2 = 0 U 2 U 4 0 (which is mapped to X 5;2 = 0 U 1 U 2 0 under the action of the re ection (34) where a 2 ; a 0 2 are de ned exactly as in the case of 5;1 from A; B. The extensions 5;1 and 5;2 of the orbital integrals 0 5;1 and 0 5;2 to the closures of the orbits are unique up to a scalar multiple and a distribution supported on the boundary of the orbit (which is the orbit of X 4 ). However, these distributions are not H-invariant. Indeed, replacing f by h f : X 7 ! f(Ad(h ?1 )X), and writing the quotient \a 0 2 =a 2 " of h ?1 diag(A; B) as a product of z = z(h) (which is independent of a 2 and a 0 2 ), and a 0 2 =a 2 , we obtain nilp , in fact on the closure of the union of the orbits of X 5;1 and X 5;2 , which is the union of the orbits of X 5;1 , X 5;2 and X 4 ). It restricts to a multiple of 5;1 (resp. 5;2 ) on the orbit of X 5;1 (resp. 5;2 ).
The Fourier transform of 5 is given bŷ 11. Uniform smoothness of orbital integrals. We shall now consider the behaviour of the G + = H-invariant distributions x (f) asx varies over the -regular set ofG. Under an assumption on the group { presently to be stated { we shall show that x (f) is a locally constant function ofx (inG 0 = -regular set ofG), uniformly inf. Our main interest is simply to extend Harish-Chandra's submersion principle HC2] to the spherical settings. Assumption. Let (P; A) be a -invariant minimal parabolic pair in G, P = MN the corresponding Levi decomposition, K a maximal compact subgroup with G = PK, and put X + = X \ G + for X G. Then (P + Example. This assumption holds in the group case, where g = f(X; Y ); X; Y 2 Hg, (X; Y ) = (Y; X), g + = f(X; X)g, g ? = f(X; ?X)g, and in the case where E=F is a quadratic extension of elds, g = H(E), = galois action, g + = H(F), g ? = ig + , where i generates E over F and has trace zero. However, this assumption does not hold for example when g is the algebra M(2n; F) of 2n 2n matrices over a eld F, is given by conjugation by diag(I n ; ?I n ), and P is the algebra of upper triangular matrices. In this case, taking A to be the diagonal subgroup, A ? consists of diag(a 1 ; : : :; a 2n ), a i 2 F , ja i j ja i+1 j for 1 i < n and n < i < 2n, but not for i = n, and P ? = f 0 X 0 0 g, andP = I + P ? .
For pairs (G; ) satisfying the assumption above, following Harish-Chandra HC2], we prove:
1. Theorem. Let K 0 be a compact open subgroup of G. Then for every -regular~ 0 iñ G 0 there is a neighborhood! of~ 0 inG 0 , such that x (f) is constant inx 2! for every f 2 C c (K 0 nG) (heref(g) = R G + f(gx)dx; g 2 G). Following HC2] , the proof consists of several steps, the assumption will be used only in the last step, while the rst is the following \submersion" result. Recall (e.g., Serre S]) that an analytic map a : X ! Y of analytic manifolds is called submersive if its di erential is surjective. The group G acts on itself, and onG, by -Int(g) = g (g) ?1 . We write A= B for the quotient of A by B under this -conjugacy.
2. Proposition. Let P be a -invariant parabolic subgroup of G. Fix a -regular~ inG 0 . Then the map ~ : G + !G= P , ~ (x) = (Int(x)~ )= P , is submersive everywhere.
Proof. Since ~ (xy) = Int(y)~ (x) for all x; y in G + , it su ces to show that ~ is submersive at x = 1. Then g = g + g ? , P = P + P ? , g + = g , P + = P , g ? , P ? , are the Lie algebras of G, P, G + = G , P + = P ,G = G ? andP. Consequently ;ỹ (g) = (ỹ;g) for allỹ inG 0 0 andg inG. Since 2 C 1 c (G 0 G ), the mapỹ 7 ! ;ỹ is locally constant, as required.
Proof of theorem 1. Consider rst a -regular element~ inG 0 which is elliptic in G; namely it lies in no proper parabolic subgroup P of G, or equivalently, its centralizer Z G (~ ) in G is compact modulo the center Z = Z(G) of G. 12. Spherical characters control orbital integrals. Let F be a local non archimedean eld, G a reductive group over F, an involution of G over F, H = G the group of xed points of in G, put G = G(F); H = H(F), and Z = Z(F), where Z is the center of G. These are`-groups in the terminology of BZ] . De neG to be the image of the map G=H ! G, g 7 !g = g (g) ?1 , where is the involution of G induced by . Given f in C 1 c (G=Z), de nef(g) = ZG w (T w ) = ZG w (T) contains ZG(T) as a dense subset. Consequently, every neighborhood in ZG w (T w ) contains an element of ZG (T) . Given~ 0 inG -reg w , andf w 2 C 1 c (G w =Z w ) with ~ 0 (f w ) 6 = 0, there exists~ inG -reg in any given neighborhood of~ 0 such that ~ (f w ) 6 = 0.
We shall use the following observation. Given~ ;~ 0 inG which are stably -conjugate iñ G v for some place v of F, they are -conjugate over an algebraic closure of F v , hence over a nite extension of F, namely they are stably -conjugate inG.
Let . This is the \geometric" expression for the kernel, but there is an alternative expression for the kernel, namely the \spectral" expression. This expression is rather complicated, see Arthur A1]. We shall use only a part of it here. A full discussion will remain for a future work.
The trace formula is obtained on integrating both the geometric and the spectral expressions over the diagonal x = y 2 ZGnG . The bi-period summation formula, in which no traces appear, is obtained on integrating both expressions over x; y in Z When the group G is anisotropic, namely the quotient ZGnG is compact, the entire spectrum L 2 (ZGnG ) is discrete, namely it decomposes as a direct sum of irreducible subspaces. However, in general, in addition to the discrete spectrum L 2 d , the space L 2 would contain also a continuous spectrum. This has been studied in depth by Arthur A] in the group case, where the bi-period summation formula reduces to the trace formula. We shall make the following assumption, which asserts that the natural extension of Arthur's work holds in the symmetric space situation. Of course, carrying out the proof of this extension would require a serious e ort. Our assumption is that this extension can be carried out.
Proposition . Let f = f v 2 C 1 c (G =Z) be a test function such that for su ciently many places v of F, the component f v is -discrete. Then the geometric side of the bi-period summation formula for (G; H) is equal to the discrete part of the spectral side of the biperiod summation formula, where the sum over may include some other automorphic representations, i.e. constituents of L 2 , not necessarily in the discrete spectrum. Proof of Theorem 1. We embed the local situation of f w ; : : : in a global situation, where the place w is repeated su ciently many times, numbered w 0 ; w 1 ; : : :, with w 0 being the original place w. The -elliptic -regular element~ w 0 where ~ w 0 (f w 0 ) 6 = 0 can be approximated by a global element~ inG=Z, where ~ (f w 0 ) 6 = 0, and~ is -elliptic -regular at all of the places w i . Then the functionf w 0 = v6 =w 0 f v can be chosen by Lemma 5 such thatf w i is -discrete at each of the places w i , and such that ~ (f) 6 = 0,f =f w 0 f w 0 , and such that if ~ (f) 6 = 0 for a rational~ inG=Z, then~ is in the H-orbit of~ .
It follows that the geometric part of the bi-period summation formula reduces to a multiple of ~ (f) by a volume factor. Yet this geometric side is equal to the discrete part of the spectral side, for ourf, which has su ciently many -discrete components so that Proposition applies. But the discrete part of the spectral side is zero by the assumption onf w 0 , that < L w ; w (f w )L~ w >= 0 for every admissible irreducible G w -module w . The resulting contradiction implies that ~ w (f w ) = 0 for every -regular -elliptic element~ w inG w =Z w , as required.
Remark. (1) \Su ciently many" in Proposition , is likely to be more than the rank of the symmetric space G=H. This rank is the dimension of a maximal commutative subspace consisting of semi simple elements in the ?1 eigenspace g ? of the Lie algebra g of G under the action of the involution on g.
(2) It will be interesting to extend the conclusion of Theorem 1 to include elements~ 2G=Z other than -regular -elliptic ones.
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